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Chapter 4 Duality Theory

- Nonlinear optimization problems have two different representations, the primal problem and the

dual problem, The relation between the primal and the dual problem is provided by an elegant
duality theory. This chapter presents the basics of duality theory. Section 4.1 discusses the
primal problem and the perturbation function. Section 4.2 presents the dual problem. Section 4.3
discusses the weak and strong duality theorems, while section 4.4 discusses the duality gap.

4.1 Primal Problem

This section presents the formulation of the primal problem, the definition and properties of the
perturbation function, the definition of stable primal problem, and the existence conditions of
optimal multiplier vectors.

4.1.1 Formulation

The primal problem (P) takes the form:

min f(x)
st. h(x) =0
x €X

where x is a vector of n variables;
h(x) is a vector of m real valued functions;
g(x) is a vector of p real valued functions;
f{x) is a real valued function; and
X is a nonempty convex set.
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4.1.2 Perturbation Function and Its Properties

The perturbation function, v(y), that is associated with the primal problem (P) is defined as:

inf f(x)

) st h(x)
") = glx) <y
x €X

and y is an p-dimensional perturbation vector.

Remark 1 For y = 0, v(0) corresponds to the optimal value of the primal problem (P). Values
of the perturbation function v(y) at other points different than the origin y = 0 are useful on the
grounds of providing information on sensitivity analysis or parametric effects of the perturbation
vector y.

Property 4.1.1 (Convexity of v(y))
Let Y be the set of all vectors y for which the perturbation function has a feasible solution, that is,

Y ={y € RP|h(x) =0, g(x) <y for somex € X} .
IfY is a convex set, then v(y) is a convex functionon'Y.
Remark 2 v(y) = oo ifand only ify ¢ Y.
Remark 3 Y is a convex set if #(x) are linear and g(x) are convex on the convex set X.

Remark 4 The convexity property of v(y) is the fundamental element for the relationship between
the primal and dual problems. A number of additional properties of the perturbation function 'u(y)
that follow easily from its convexity are

(i) If Y is a finite set then v(y) is continuous on Y.

(ii) the directional derivative of v(y) exists in every direction at every point at which ‘
v(y) is finite.

(iii) v(y) has a subgradient at every interior point of ¥ at which v(y) is finite.
(iv) v(y) is differentiable at a point § in Y if and only if it has a unique subgradient at y.

Note also that these additional properties hold for any convex function defined on a convex set.

4.1.3 Stability of Primal Problem

Definition 4.1.1 The primal problem (P) is stable if v(0) is finite and there exists a scalar L > 0
such that 0
W < Lforally# 0.
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Remark 1 The above definition of stability does not depend on the particular norm |ly|| that is

" used. In fact, it is necessary and sufficient to consider a one- dimensional choice of y.

Remark 2 The property of stability can be interpreted as a Lipschitz continuity condition on the
perturbation function v(y). '

Remark 3 If the stability condition does not hold, then [v(0) — v(y)} can be made as large as
desired even with small perturbation of the vector y.

414 Existence of Optimal Muitipliers

Theorem 4.1.1

Let the primal problem (P) have an optimum solutionx*. Then, an optimal multiplier vector (A B)
exists if and only if (P) is stable. Furthermore, (X, i) is an optimal multiplier vector for (P) i
and only if (=X, ~ i) is a subgradient of v(y) aty = 0.

Remark 1 This theorem points out that stability is not only a necessary but also sufficient con-

. straint qualification, and hence it is implied by any constraint qualification used to prove the

necessary optimality conditions.

Remark 2 If the objective function f(x) is sufficiently well behaved, then the primal problem
(P) will be stable regardless of how poorly behaved the constraints are. For instance, if f(x) = ¢,
then (P) is stable as long as the constraints are feasible.

Remark 3 If the constraints are linear, it is still possible for (P) to be unstable. Consider the
problem:

Ilustration 4.1.1 Consider the problem:

min f(z) = ~z3
st.gz) = <0
zeX = {z|z>0}

Note that as z approaches zero, the objective function has infinite steepness.

By perturbing the right-hand side in the positive direction, we obtain

0—(-y%) _ 1
|y y3

which can be made as large as desired by making the perturbation y sufficiently small.

4.2 Dual Problem .

This section presents the formulation of the dual problem, the definition and key properties of the
dual function, and a geometrical interpretation of the dual problem.
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4.2.1 Formulation

The dual problem of ( P), denoted as (D), takes the following form:

max inf  L(x, A, p)
A xeX
p20
st L(x, A, p) = f(x) + Mh(x) + uwTg(x)
where L(x, A, p) is the Lagrange function, ) is the m-vector of Lagrange multipliers associated

with the equality constraints, and p is the p-vector of Lagrange multipliers associated with the
inequality constraints.

(D)

Remark 1 Note that the inner problem of the dual

inf  L(x, A, u)
xeX

is a function of A and 4 (i.e., it is parametric in A and u). Hence it may take the value of (—oo)
for some A and y. If the infimum is attained and is finite for all (A, 1) then the inner problem of
the dual can be written as
min  L(x, A, p)
xeX

Remark 2 The dual problem consists of (i) an inner minimization problem of the Lagrange
function with respect to.x € X and (ii) on outer maximization problem with respect to the vectors
of the Lagrange multipliers (unrestricted A,and 4 > 0). The inner problem is parametric in A and
#. For fixed x at the infimum value, the outer problem becomes linear in A and K-

4.2.2 Dual Function and its Properties

Definition 4.2.1 (Dual function) The dual function, denoted as @(A, p), is defined as the inner
problem of the dual:

(A, p)= inf L(x, ), @)
xeX

Property 4.2.1 (Concavity of &(A, 1)
Let f(x), h(x), g(x) be continuous and X be a honempty compact set in R™. Then the dual function
A, p) is concave.

Remark 1 Note that the dual function #(A, u) is concave without assuming any type of convexity
for the objective function f(x) and constraints h(x), g(x).

Remark 2 Since ¢(), i) is concave, and the outer problem is a maximization problem over )
and g > 0, then a local optimum of #(A, p) is also a global one. The difficulty that arises though
is that we only have ¢(), #) as a parametric function of ) and 4 and not as an explicit functionality
of A and u.




ipliers associated
sociated with the

2 value of (—o0)
inner problem of

of the Lagrange
it to the vectors
ametric in A and

ned as the inner

he dual function

rpe of convexity

problem over A
at arises though
sit functionality

Duality Theory 79

Remark 3 The dual function ¢(}, p) is concave since it is the pointwise infimum of a collection
of functions that are linear in A and p.

Remark 4 Since the dual function of ¢(A, p) is concave, it has a subgradient at (X, @) that is
defined as the vector dy, da:

$(A, 1) < 6, B) +dT (A= X) +dj (n — 1)
forall A,and p > 0.

Property 4.2.2 (Subgradient of dual function)
Let f(x), h(x), g(x) be continuous, and X be a nonempty, compact set in R™.
Let

Y(), p) = {x* : x* minimizes L(x, X, p) over x € X}

Iffor any (X, i), Y(X, ) is nonempty, and x* € Y(}, &), then
(h(x*),g(x*)) is a subgradient of $(X, u) at (X, ).

Remark 5 This property provides a sufficient condition for a subgradient.

Property 4.2.3 (Differentiability of dual function)

Let f(x), h(x), g(x) be continuous, and X be a nonempty compact set. If Y(X, @) reduces to a
single element at the point (X, f), then the dual function ¢(X, p) is differentiable at (A, i) and
its gradient is

V(A i) = (h(x*),8(x%)).

4.2.3 Hlustration of Primail-Dual Problems

Consider the following constrained problem:

min (21 - 1)% + (z2 = 1)? + (z3 — 1)?
s.t. 2z, + 4z, =10
2z1 + 2z — 423 <0
Z1,22,T3 2 0

where

fx) (1 — 1) + (22— 1)* + (23 — 1)?,
h(x) = 2z + 422 - 10,
g(x) 2z + 2z, — 423, and

X {z1,z2,z3|21 > 0,22 > 0,23 > 0}.

The Lagrange function takes the form:
L(:Eh T2, T3, A, l“) = ((01 - 1)2 + (22 - 1)2 + (m3 - 1)2
+A (221 + 4z, — 10)
+u (2321 + 229 — 4:1)3) .
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The minimum of the L(zq, 24, 23, A, p) is given by

oL _ 2($1—1)+2>\+2p :0:$(L'1:1—'A—/_L,

321_
g—i—;—: 2($2—1)+4>\+2F’ =0:>m2=1—2A—,U:,
ga%: 2((1:3—1)—4# ::0:}2:3:1""2[/4

The dual function ¢(A, ) then becomes

A p) = (A= p) + (=22 - p)* + (2u)?
FA2(1 = A = ) +4(1 - 2X — ) — 10]
+u[2(1 ~ A — p) +2(1 - 2% — p) - 4(1 + 24)]
= —5A% —6u? — 6Au — 4.
This dual function is concave in A and p. (The reader can verify it by calculating the eigenvalilé§

of the Hessian of this quadratic function in A and g, which are both negative.)

The maximum of the dual function ¢(X, i) can be obtained when

8¢k) = _10) - 6p—4 =0,
—L—J“'“~ ~12p — 6) = 0,

which results in

A= -3,
kL
and $(N*, 4*) = (8/7).
=(9/7)
Also, { z3 = (13/7) » and f(z},z3,23) = (8/7).
2§ = (11/7)

4.2.4 Geometrical Interpretation of Dual Problem

The geometrical interpretation of the dual problem provides important insight with respect to
the dual function, perturbation function, and their properties. For illustration purposes, we will
consider the primal problem (P) consisting of an objective function f (a:) subject to constraints
g1(z) < 0 and go(z) < 0 in a single variable z.

The geometrical portrayal is based upon the image of X under f(z), gl(z), and gy(z) that is
represented by the image set I:

I={(21,22,23) € B*: 21 > gi(z), 22 > ga(z) and
23 = f(z) for some z € X},

which is shown in Figure 4.1.

Geometrical interpretation of primal problem (P):
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Figure 4.1: Image set I

Note that the intersection point of I and z3, denoted as (P*) in the figure, is the image of the
optimal solution of the primal problem (P),

P* = [g1(2%), 9a(2%), f(=")],

where z* is the minimizer of the primal problem (P). Hence the primal problem (P) can be
explained as follows: Determine the point in the image set I which minimizes z3 subjectto 2y < 0
and 29 < 0.

For the geometrical interpretation of the dual problem, we will consider particular values for
the Lagrange multipliers p1, p2 associated with the two inequality constraints (u; > 0, gy > 0),
denoted as i1, fa.

To evaluate the dual function at /3, /73 (i.e., the maximum of (D) at f;, /Z2), we have

min {f(z) + ff191(z) + piaga(z)}
st.zecX.

This is equivalent to
min  z3 + 21 + f222
st (z1,22,2z3) €1
Note that the objective function
3tz + [z
is a plane in (21, 23, z3) with slope (—1, —#2) as illustrated in Figure 4.1.
Geometrical Interpretation of Dual Function at (41, 1,):

The dual function at (i1, fiz) corresponds to determining the lowest plane with slope (— i1, — fiz)
which intersects the image set I_. This corresponds to the supporting hyperplane » which is tangent
to the image set I at the point P, as shown in Figure 4.1.
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Note that the point P is the image of

min  f(z) + p11(2) + p2g2(z)
st. z€X

The minimum value of this problem is the value of z3 where the supporting hyperplane k intersects
the ordinate, denoted as Z3 in Figure 4.1.

Geometrical Interpretation of Dual Problem:

Determine the value of (47, fi2), which defines the slope of a supporting hyperplane to the
image set I, such that it intersects the ordinate at the highest possible value. In other words,
identify (g1, f2) so as to maximize £3.

Remark 1 The value of (41, /) that intersects the ordinate at the maximum possible value in
Figure 4.1 is the supporting hyperplane of I that goes through the point P*, which is the optimal
solution to the primal problem ( P).

Remark 2 It is not always possible to obtain the optimal value of the dual problem being equal to
the optimal value of the primal problem. This is due to the form that the image set I can take for
different classes of mathematical problems (i.e., form of objective function and constraints). This
serves as a motivation for the weak and strong duality theorems to be presented in the following
section.

4.3 Weak and Strong Duality

In the previous section we have discussed geometrically the nature of the primal and dual problems.
In this section, we will present the weak and strong duality theorems that provide the relationship
between the primal and dual problem.

Theorem 4.3.1 (Weak duality)

Let Z be a feasible solution to the primal problem (P), and (X, i) be a feasible solution to the
dual problem (D). Then, the objective function of (P) evaluated at % is greater or equal to the
objective function of (D) evaluated at (X, [i); that is,

@) > ¢(, B).

Remark 1 Any feasible solution of the dual problem (D) represents a lower bound on the optimal
value of the primal problem (P).

Remark 2 Any feasible solution of the primal problem (P) represents an upper bound on the
optimal value of the dual problem (D).

Remark 3 This lower-upper bound feature between the dual and primal problems is very impor-
tant in establishing termination criteria in computational algorithms. In particular applications , if
at some iteration feasible solutions exist for both the primal and the dual problems and are close
to each other in value, then they can be considered as being practically optimal for the problem
under consideration.
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Remark 4 This important lower-upper bound result for the dual-primal problems that is provided
by the weak duality theorem, is not based on any convexity assumption. Hence, it is of great use
for nonconvex optimization problems as long as the dual problem can be solved efficiently.

Remark § If the optimal value of the primal problem (P) is —oo, then the dual problem must be
infeasible (i.e., essentially infeasible).

Remark 6 If the optimal value of the dual problem (D) is +oo0, then the primal problem (P)
must be infeasible.

The weak duality theorem provides the lower-upper bound relationship between the dual and
the primal problem. The conditions needed so as to attain equality between the dual and primal
solutions are provided by the following strong duality theorem.

Theorem 4.3.2 (Strong duality)
Let f(x),g(x) be convex, h(x) be affine, and X be a nonempty convex set in R™. If the primal
problem (P) is stable, then '

(i) The dual problem (D) has an optimal solution.
(i) The optimal values of the primal problem ( P) and dual problem (D) are equal.

(iii) (X, ) are an optimal solution of the dual problem if and only if (-}, —f@)isa
subgradient of the perturbation function v(y) aty = 0.

(iv) Every optimal solution (X, i) of the dual problem (D) characterizes the set of all
optimal solutions (if any) of the primal problem ( P) as the minimizers of the Lagrange
Sfunction:

L(x, A, B) = f(x) + Mh(x) + g(x)

over ¢ € X which also satisfy the feasibility conditions

h(x)
)

0
gx)<o

<
and the complementary slackness condition

Bg(x) =o.

Remark 1 Result (ii) precludes the existence of a gap between the primal problem and dual
problem values which is denoted as duality gap. It is important to note that nonexistence of duality
gap is guaranteed under the assumptions of convexity of f(x), g(x), affinity of h(x), and stability
of the primal problem (P).

Remark 2 Result (iii) provides the relationship between the perturbation function v(y) and the
set of optimal solutions (X, ) of the dual problem (D).
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Remark 3 If the primal problem (P) has an optimal solution and it is stable, then using the theorem
of existence of optimal multipliers (see section 4.1.4), we have an alternative interpretation of the
optimal solution (), fz) of the dual problem (D): that (}, P) are the optimal Lagrange multipliers
of the primal problem ( P).

Remark 4 Result (iii) holds also under a weaker assumption than stability; that is, if v(0) is finite
and the optimal values of (P) and (D) are equal.

Remark 5 Result (iv) can also be stated as
If (X, i) are optimal in the dual problem (D), then = is optimal in the primal problem ( P) if and
only if (z, X, i) satisfies the optimality conditions of (P).

Remark 6 The geometrical interpretation of the primal and dual problems clarifies the weak and
strong duality theorems. More specifically, in the vicinity of ¥y = 0, the perturbation function
v(y) becomes the z3-ordinate of the image set T when 2z; and 2, equal y. In Figure 4.1, this
ordinate does not decrease infinitely steeply as y deviates from zero. The slope of the supporting

hyperplane to the image set I at the point P*, (—fi;, —fiz), corresponds to the subgradient of the
perturbation function v(y) at y = 0.

Remark 7 An instance of unstable problem ( P) is shown in Figure 4.2 The image set I is tangent
to the ordinate z; at the point P*. In this case, the supporting hyperplane is perpendicular, and the
value of the perturbation function v(y) decreases infinitely steeply as y begins to increase above
zero. Hence, there does not exist a subgradient at y = 0. In this case, the strong duality theorem
does not hold, while the weak duality theorem holds.

4.3.1 lilustration of Strong Duality

Consider the problem

min f(x) = (21— 1) + (23 — 1)% + (z3 — 1)?
st h(x)= 2z;+42,-10=0
g(x) = 2z1+ 225 — 423 <0
T1,T9,23 >0

that was used to illustrate the primal-dual problems in section 4.2.3.

The objective function f(x) and the inequality constraint g(x) are convex since f(x) is
separable quadratic (sum of quadratic terms, each of which is a linear function of z1, T2, T3,
respectively) and g(x) is linear. The equality constraint h(x) is linear. The primal problem is
also stable since v(0) is finite and the additional stability condition (Lipschitz continuity-like) is
satisfied since f(x) is well behaved and the constraints are linear. Hence, the conditions of the
strong duality theorem are satisfied. This is why

¢(>‘*’/“*) = f(wiam;)m;) = (8/7);

as was calculated in section 4.2.3.
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Figure 4.2: Unstable problem (P)

Also notice that since ¢(, ) is differentiable at (A*, u*) = (—— %, %) and its gradient is
V@(A*, u*) = [h(z*), g(2*)].

4.3.2 lllustration of Weak and Strong Duality

Consider the following bilinearly (quadratically) constrained problem

since f(x) is min —-z; —
of Zy1,Tq, 23, s.t. iz <4
al problem is 0<z;<4

inuity-like) is

ditions of the

where

f(x) = —I1— T2,
g(x) = =129 — 4, and
X = {(:1:1,:122):0521 S4,0_<_:D2$8}.
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This problem is nonconvex due to the bilinear constraint and its global solution is (z1,23) =
(0'5,8) » f(mIa m;) = —8.5.

The Lagrange function takes the form (by dualizing only the bilinear constraint):
L(zy, 29, ) = —z1 — 22 + p(z122 — 4),

The minimum of the Lagrange function with respect to =, z, is given by

oL 1
A= =14 pzy = 0= g = =,
8:1:1 1
oL 1
5—;;'———1“'[1,231——0:}331-—;.

The dual function then becomes
o= k- hen(ti-d)
= ——%‘ - 4u.

The maximum of the dual function can be obtained when

%:%-4:0:,1:0.5.
Then, ¢(fi) = —4
B= =2,
3 2%22,
4
f(B1,%2) = 42> ¢(p) = —4

4.3.3 lllustration of Weak Duality
Consider the following constrained problem:

min 295 + 295 — 62,
st zy—3z1=0

z9 <4

z1,T9 > 0

f(x) = 29 + 235 — 624,

h(x) = z3 — 3z,

g(x) = z2 - 4,

X = {(z1,22) 1 21 > 0,25 > 0}.

The global optimum solution is obtained at (z;,z3) = (4/3,4) and the objective function value
is (% - 6). :
V3
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The Lagrange function takes the form
L(zq, 22, M, 1) = 29° + 29° — 621 + A(zg — 3z1) + p(zs — 4).
The minimum of the L(z1, T2, A, p) over x € X is given by

8L _ 05 o _ay _ 05 _ 1
8—2:1—051121 6 3A-—-0:>$1 —m,
1

BL =052, + At p=0=>23% =

T2ty
Since 1,z > 0, wemusthave A+ 2 > Oand A 4 4 < 0.

Since L(z1, Tg, A, i) is strictly concave in 1, T3, it achieves its minimum at boundary. Now,

L(z1, 2, ) = v/Z1 — (83X + 6)z1 + VT2 + (A + ) 22 — 4p.

Clearly if 3A+6 > 0or A+ u < 0, (A, pt) = —oo and when 3A + 6 < 0,and A + p > 0, the
minimum of L is achieved at ¢, = z5 = 0, with ¢(A, u) = —4p. Notice that A = -2 = p >
~-A>2

¢(>" ,LL) S _8;

2
;r’}gg#/\,u) = -8< ﬁ”G'

4.4 Duality Gap and Continuity of Perturbation Function

Definition 4.4.1 (Duality gap) If the weak duality inequality is strict:
F®) > (0 B,
then, the difference f(%) — ¢(}, ) is called a duality gap.

Remark 1 The difference in the optimal values of the primal and dual problems can be due to
a lack of continuity of the perturbation function v(y) aty = 0. This lack of continuity does not
allow the existence of supporting hyperplanes described in the geometrical interpretation section.

Remark 2 The perturbation function v(y) is a convex function if ¥ is a convex set (see section
4.1.2). A convex function can be discontinuous at points on the boundary of its domain. For v(y), .
the boundary corresponds toy = 0. The conditions that provide the relationship between gap and

continuity of v(y) are presented in the following theorem.

Theorem 4.4.1 (Continuity of perturbation function)

Let the perturbation function v(y) be finite aty = 0, that is, v(0) is finite. The optimal values of
the primal and dual problems are equal (i.e., there is no duality gap) if and only if v(y) is lower
semicontinuous aty = 0.

Remark 3 Conditions for v(y) to be lower semicontinuous aty = 0 are
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4
N7
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L i

Figure 4.3: Illustration of duality gap

1. X is closed, and
2. f(x),g(x) are continuous on X, and
3. f(x*)is finite, and

4. {z € X : h(x) = 0,g(x) < 0, and f(x) < @} is a bounded and nonempty convex set
for some scalar o > v(0).

4.4.1 lllustration of Duality Gap

Consider the following problem

min Tq
(21,322) cX
s.t. ;<0

X ={(e1,22):0< 21 <2,1 <2y <4, and
Ty > 2if 2, = 0}
where 21 = z; and 25 = z,, and the plot of z; vs 2, is shown in Figure 4.3,
The optimal solution of the primal problem is attained at o = 2,z =0.

Notice though that the optimal value of the dual problem cannot equal that of the primal due
to the loss of lower semicontinuity of the perturbation function v(y)aty = 0.
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Summary and Further Reading

This chapter introduces the fundamentals of duality theory. Section 4.1 presents the formula-
tion of the primal problem, defines the perturbation function associated with the primal problem
and discuss its properties, and establishes the relationship between the existence of optimal mul-
tipliers and the stability of the primal problem. Section 4.2 presents the formulation of the dual
problem and introduces the dual function and its associated properties along with its geometrical
interpretation. Section 4.3 presents the weak and strong duality theorems, while section 4.4 defines
the duality gap and establishes the connection between the continuity of the perturbation function
and the existence of the duality gap. Further reading in these subjects can be found in Avriel
(1976), Bazaraa et al. (1993), Geoffrion (1971), Geoffrion (1972b), Minoux (1986), and Walk
(1989).




